Determining the type of matter that is inside a neutron star (NS) has been a long-standing goal of astrophysics. Despite this, most of the NS equations of state (EOS) that predict maximum masses in the range 1.4-2.8 M ⊙ are still viable. Most of the precise NS mass measurements that have been made to date show values close to 1.4 M ⊙ , but a reliable measurement of an over-massive NS would constrain the EOS possibilities. Here, we investigate how optical astrometry at the microarcsecond level can be used to map out the orbits of High-Mass X-ray Binaries (HMXBs), leading to tight constraints on NS masses. While previous studies by Unwin and co-workers and Tomsick and co-workers discuss the fact that the future Space Interferometry Mission should be capable of making such measurements, the current work describes detailed simulations for 6 HMXB systems, including predicted constraints on all orbital parameters. We find that the direct NS masses can be measured to an accuracy of ∼2.5% (1-σ) in the best case (X Per), to ∼6.5% for Vela X-1, and to ∼10% for two other HMXBs.
1. INTRODUCTION Neutron stars are found in a large variety of astrophysical settings, such as in accreting binaries, degenerate binaries, supernova remnants, and as isolated objects. They are one possible endpoint to the evolution of massive stars as well as being the locations of the highest magnetic field strengths and highest densities in the Universe. They are often found through their radio, X-ray, or gamma-ray pulsations, which can be on time scales as short as milliseconds, and they can be accretion-or rotation-powered (Taylor, Manchester & Lyne 1993; Bildsten et al. 1997; Abdo et al. 2009 ). Despite attempts to determine their fundamental properties using numerous techniques, the form of matter that exists within a neutron star is still a mystery.
The work that has been done to try to determine the neutron star composition has strong contributions from both theory and observation. For an assumed neutron star (NS) composition, the theoretical pressure-density relationship (i.e., equation of state, EOS) directly predicts a specific NS mass-radius relationship (Lattimer & Prakash 2001) , so that measurements of mass and/or radius provide direct constraints on the NS EOS. It is currently even unknown whether NSs might be made of quark matter, which gives a radically different massradius relationship from normal matter (Lattimer & Prakash 2004) . Most notably, each theoretical EOS has a maximum NS mass that can be supported (Lattimer & Prakash 2004) , so that one measurement of an over-massive NS (∼2 M ⊙ rather than the more canonical 1.4 M ⊙ ) would severely constrain the possibilities for the NS EOS.
Although accurate NS mass measurements have been made for NSs in binary systems, the very accurate measurements have found values close to 1.4 M ⊙ (Thorsett & Chakrabarty 1999; Lattimer & Prakash 2007) . However, more recent observations have shown evidence for over-massive NSs with best estimates in the 1.8-2.8 M ⊙ range. These have come both from High-Mass X-ray Binaries (HMXBs, Barziv et al. 2001; Clark et al. 2002) and observations of binary radio pulsars (Freire et al. 2008 ). In addition, there is evidence from studies of "type I" X-ray bursts, which are caused by thermonuclear flashes on the NS surface (Lewin, van Paradijs & Taam 1993) , that the maximum NS mass is in the 1.9-2.3 M ⊙ range (Steiner, Lattimer & Brown 2010) . Improving the mass constraints and enlarging the sample of NSs with accurate mass measurements could finally lead to definitively ruling out EOSs.
Currently, the HMXBs with the best NS mass estimates use X-ray pulsations to measure the projected size of the NS orbit and optical spectroscopy to measure the radial velocities of the companion star and, thus, to constrain the projected size of the companion's orbit (Charles & Coe 2006) . However, even in cases where these measurements are possible, the binary inclination is still a major source of uncertainty in the measurement of the NS mass. Thus, in this work, we explore how NS mass measurements can be improved via optical astrometry. In many cases, HMXB orbits are as large as 20 to several hundred µas, and the companion's orbit, including the binary inclination, can be mapped directly with astrometry on the microarcsecond level (Unwin et al. 2008; Tomsick, Shaklan & Pan 2009 ). Here, we look at the specific case of the future Space Interferometry Mission and perform detailed simulations to determine how well this mission would be able to constrain NS masses.
SELECTING SOURCES FOR NEUTRON STAR MASS

MEASUREMENTS
The best targets for obtaining neutron star mass measurements by mapping out binary orbits with optical astrometry should meet several criteria. They should be optically bright, and the angular sizes of their orbits should be large. In addition to the orbit being large, the cleanest orbital measurements will be obtained in cases where all or nearly all of the (2006) give a range of values, then the value we adopt in this work is given in parentheses. If Liu, van Paradijs & van den Heuvel (2006) give multiple values, then the value we adopt comes from the literature. Superscripts indicate the following references: (aa) Steele et al. (1998) ; (bb) Kaper, van der Meer & Najarro (2006) b From Liu, van Paradijs & van den Heuvel (2006) and references therein. c The estimate for the mass of the companion star from the literature. If a paper indicates a range of values, then the value we adopt in this work is given in parentheses. Superscripts indicate the following references: (1) ; (2) Negueruela et al. (1999) ; (3) Clark et al. (2001) ; (4) Wang & Gies (1998) ; (5) Kaaret et al. (1999) ; (6)Cox (2000); (7) Barziv et al. (2001) ; (8) optical light comes from one of the binary components. The targets should be known to harbor NSs, and evidence for this can either come from the detection of X-ray pulsations or the presence of type I X-ray bursts. Finally, it is useful to know the orbital periods for planning the observations, and orbital periods as well as other parameters, such as the source distance and the companion mass, must be constrained in order to estimate the angular sizes of the orbits.
While one could consider High-Mass X-ray Binaries (HMXBs) and Low-Mass X-ray Binaries (LMXBs), it is clear that the former will provide the best opportunities. A large number of HMXBs are bright (V ∼ 5-20) , most of the optical light comes from the companion star, and their long orbital periods (days to a year) mean that the separation between the NS and the companion is large. In addition, many HMXBs are X-ray pulsars and for a large fraction of these the projected size of the NS orbit (a x sin i, where i is the binary inclination) has been measured, which, when combined with astrometric measurements, allows for a direct NS mass measurement.
Thus, in selecting sources, we have started with the catalog of Galactic HMXBs compiled by Liu, van Paradijs & van den Heuvel (2006) . This catalog includes 114 HMXBs, including 38 sources for which both orbital periods and NS spin periods have been measured. These HMXBs range from being very bright in the optical (V = 6) to not having known optical counterparts, and we further cut the list down to 27 sources by requiring that the sources have a V -magnitude brighter than 20. While all of these sources are known X-ray pulsars, a x sin i has not been measured in all cases. As this parameter is required for a direct NS mass measurement, we finally select the 17 HMXBs that meet the above criteria and also have a measurement of the projected size of the NS orbit.
The 17 sources are listed in Table 1 along with their Vband magnitudes and the information relevant to estimating the angular size of the companion's orbit. If the semi-major axis of the binary is a, then the corresponding angle subtended at the source distance d is ρ = tan −1 (a/d), which is given by
where d kpc is the distance to the source in kpc, P orb,hr is the orbital period in hours, and M comp and M NS are the masses of the companion and the NS, respectively, in units of M ⊙ . Then, the companion's orbital signature is given by Table 1 , the values of d and P orb are taken from Liu, van Paradijs & van den Heuvel (2006) . For systems where estimates of M NS and M comp have been given in the literature, that value is given along with the reference. Otherwise, companion masses are estimated using the spectral type (or range of spectral types) given in Liu, van Paradijs & van den Heuvel (2006) and the tables of stellar masses given in Chapter 15 of Cox (2000) , and NS masses are assumed to be 1.4 M ⊙ . If some of these systems actually contain over-massive neutron stars, then ρ comp will be larger than our estimates in these cases.
3. SIMULATIONS 3.1. The Path of the HMXB Photocenter To represent motions of the target photocenters on the sky, we define a linear coordinate system such that x = ∆α cos δ and y = ∆δ where α and δ are, respectively, the Right Ascension and Declination of the sources at any time, t. The following equations represent the motion of the target photo-
where quantities with subscript "0" are evaluated at time t 0 , α ⊙ and δ ⊙ are the R.A. and Decl. for the sun, and x orbital and y orbital represent the terms in the x-and y-directions due to orbital motion. Following Lindegren (1997) and section 2.3.4 of Volume 1 of the Hipparcos Catalog (Perryman et al. 1997) , the orbital terms are (4) where A, B, F, and G are the Thiele-Innes elements (Green 1985) , which are a linearized alternative to the standard Campbell orbital elements, and depend on the angle subtended by the semi-major axis of the photocenter, ρ phot , the argument of periastron, ω, the position angle of the node, Ω, and the binary inclination, i.
The time-dependent parameters are given by
where e is the orbital eccentricity, and E is the eccentric anomaly, which is given by 2π
where P is the orbital parameter, and T is the time of periastron passage. Thus, the path of the photocenter is determined by 12 parameters: 2 position, 2 proper motion, 1 parallax, and 7 orbital. As mentioned above, almost all of the light from an HMXB comes from the high-mass stellar companion, placing the photocenter at the location of the companion star (Coughlin et al. 2010) . In the following, we make the approximation that 100% of the light comes from the companion so that ρ phot corresponds to the semi-major axis of the companion star itself (ρ comp ). Figure 1 shows the path of the companion star for the HMXB X Per over a period of one year, illustrating the different contributions to the motion.
SIM Lite Astrometry Measurements
Here, we consider the specific capabilities of SIM Lite in order to carry out our simulations. SIM Lite will measure positions of grid stars across the sky, which will provide global astrometric measurements to a limiting accuracy of 4 µas (1-σ), and it will use reference stars around selected targets (such as the HMXBs) to provide a co-ordinate system covering a smaller region (∼2
• ) where relative astrometric measurements will have a limiting accuracy of 1 µas (1-σ), and these are referred to as "Narrow Angle" measurements (Nemati & Morales 2009; Unwin 2009 ). It is the relative uncertainty that is important for considering how accurately we will be able to measure the HMXB orbital parameters, and we use information from the SIM Lite project about the accuracy of these Narrow Angle measurements. However, parallax and proper motion measurements require global astrometry.
In addition, for our simulations, we consider the fact that the SIM Lite measurements provide 1-dimensional positions. While the path of the companion star is fully defined by x and y, one must consider the baseline orientation for each measurement. We use the angle θ to define the orientation of the baseline, where θ is measured from the x-axis in the counterclockwise direction. The quantity that is actually measured is -The best estimate for the path of the companion star and photocenter of the High-Mass X-ray Binary X Per over a period of 1 year. The dotted line shows the motion due only to the proper motion, and the dashed line shows the motion due to proper motion and parallax, assuming a distance of 1000 pc. The solid line includes these two effects as well as orbital motion. For X Per, the orbital period is 250 days, and we estimate that the semi-major axis of its orbit will subtend an angle of 165 µas.
angle between the position of the target after it is projected onto the baseline and the origin of the x-y co-ordinate system, which is given by r = x cos θ + y sin θ. For the observing campaigns described below with many measurements, a baseline angle is chosen at random for each observation.
Finally, for the simulations, we determine the uncertainty in each measurement using the on-line SIM Lite "Differential Astrometry Performance Estimator" (DAPE) 4 . This tool allows the user to put in information about their target as well as details about the SIM Lite observations, and it determines a "single measurement accuracy" (SMA), which we use for our simulations, as well as the amount of time required for the observation. An example of the input and output from this tool is shown in Table 2 . Once the SMA has been determined for a given target, a random number generator is used to select a number from a Gaussian distribution with σ equal to the SMA, and adding this number to r results in the measured angle r meas . Thus, each visit to the target generates the following information: r meas , the uncertainty in r meas , which is equal to the SMA, a timestamp (t), and a baseline angle (θ).
Fitting for Orbital Motion
Once the simulated data are produced, they are fitted with a function that accounts for proper motions and parallaxes for the target and reference stars as well as orbital parameters for the target. The functional form is f = x cos θ + y sin θ, where x and y come from Equations 2 and 3 above. In total, the equation includes 11 free parameters: five are non-orbital (x 0 , y 0 , u x , u y , π), and six are related to the binary orbit (ρ comp , ω, Ω, i, e, and T ). For the targets of interest, the orbital period is known very accurately, and we fix this parameter to the known value rather than leaving it as a free parameter.
We wrote code in Interactive Data Language (IDL) to perform the fits, and used the IDL routine curvefit. This routine uses the Marquardt method (Bevington & Robinson 1992) , which incorporates a gradient-expansion algorithm and computes a least-squares fit. It is necessary to carry out the computations using double-precision arithmatic with strin-gent convergence criteria. Although curvefit includes an option to estimate rather than exactly compute the function derivatives for each iteration, we obtained better results when computing the exact derivatives.
Cross-Check with Other Simulation Software
We checked the software described above by comparing it to the code used for simulations of SIM Lite observations of planets (Traub et al. 2010 ). The planet code was developed as part of the SIM Double Blind Test and uses realistic cadences and baselines but assumes 2-dimensional observations. There were 5 teams involved in the Double Blind Test, including one team led by one of us (MWM). Table 3 shows that there is, in general, excellent agreement between the two sets of code (the planet code and the new code written for this work). Although there are a couple differences, they are easy to understand. One difference is that the proper motions are significantly more accurate for the planet code, and this is due to the fact that the simulated observations are spread over 5 years rather than 1 year. Second, the other parameters all have slightly smaller uncertainties with the planet code because the SMAs were smaller in a previous version of the DAPE calculator. Figure 2 shows the predicted orbital astrometric signatures and the V -band magnitudes for the 17 HMXBs listed in Table 1 , comparing their location in the plot to the approximate sensitivity limit for SIM Lite taken from Tomsick, Shaklan & Pan (2009). The limit is based on 40 hours of mission time and is conservative in the sense that it corresponds to a signal-to-noise ratio of 10. Thus, while some of the sources that are close to the limit may still have orbits that are measurable by SIM Lite, in this work, we focus on the six systems that are clearly above the line: X Per, V725 Tau, Vela X-1, GX 301-2, SAX J0635.2+0533, and V830 Cen.
RESULTS
HMXBs for Simulations and Observing Parameters
For each of our targets, we used the DAPE tool (see above) to determine a possible plan for observing campaigns that would use 48 hours of mission time (per target). We used a These are the 68% confidence (1-σ) uncertainties on the Vela X-1 parameters calculated with the planet code that was written for the SIM Double Blind Test. These simulations include 100 observations made over 5 years. The observations are 2-dimensional, and the single measurement accuracy in each dimension is 1.27 µas.
b These are the 68% confidence uncertainties on the Vela X-1 parameters calculated with the new code written for this work. These simulations include 200 observations made over 1 year. The observations are 1-dimensional, and the single measurement accuracy is 1.47 µas.
c Although this is the error from the fit to the Narrow Angle observations, the actual uncertainty on the distance will depend on the tie-in to the absolute reference frame. the parameters shown in Table 2 except for the science target V -magnitude, which depends on the target, and the science target integration time per chop 5 . For the brightest four of our six targets, we were able to obtain low SMAs (<1.8 µas) with the integration time set to 30 s (see Table 4 ). For the fainter two targets, we increased the integration time to 60 s, giving SMAs of 2.39 and 2.66 µas for SAX J0635.2+0533 and V830 Cen, respectively. The trade-off is having smaller numbers of observations; however, because we still use 30 s for the reference target integration time per chop and about a third of the time for the campaign is overhead (see Table 2 ), we only need to decrease the number of visits in the observing campaign from 120 to 90 for the fainter two targets.
While detection of orbital motion may still be possible for (Tomsick, Shaklan & Pan 2009 ), the threshold is defined as the level at which the system's semi-major axis is 10 times larger than the astrometry noise per observation (i.e., the single-measurement accuracy) divided by the square root of the number of observations. several of the other HMXBs close to the sensitivity line in Figure 2 , such a detection is not feasible in the extreme cases. For a source as faint as EXO 2030+375 (V = 19.7), even if one increases the science target integration time per chop to 2 hours (the maximum allowed by the DAPE tool), the SMA is 10 µas, which is larger than the 7 µas size of the orbit (see Table 1 ). Although one could conceivably still detect the orbit with a large number of visits, even as few as 20 visits would require nearly 1 month of mission time. Thus, detecting the orbit would likely take several months and would clearly not be a good use of SIM Lite time.
Fitting Results
For each of the six HMXBs, we simulated 2,000 SIM Lite observing campaigns and fitted the data with the 11 parameter model described above (note that there are 11 rather than 12 free parameters because we always fixed the orbital period to the known value). For each HMXB and each parameter, we produced histograms of the 2,000 best fit values obtained. For all of the parameters of all of the HMXBs except for V830 Cen, the histograms appear to be normally distributed, allowing us to fit each histogram with a Gaussian and use the σ value to estimate the uncertainties on each parameter that SIM Lite will be able to obtain. For V830 Cen, the histogram for the eccentricity parameter is not normally distributed. We suspect that the parameter is not well-constrained because V830 Cen has the smallest estimated semi-major axis, ρ comp = 4.0 µas, and we discuss the case of V830 Cen further below.
We report the simulation results for the other five HMXBs in Table 5 , including the six orbital parameters as well as the parallax measurement. SIM Lite will greatly improve constraints on the binary inclinations, i. While the current uncertainties are on the order of ∼10
• , with a large systematic component, SIM Lite will constrain i to within ±0.28
• , ±0.98
• , ±1.58
• , and ±2.50
• for X Per, V725 Tau, Vela X-1, and GX 301-2, respectively. Also, SIM Lite will provide the first direct measurements of the angular size of the companion's semi-major axis, ρ comp . For example, for X Per and Vela X-1, our simulations indicate measurements of 165 ± 0.45 µas and 10.2 ± 0.28 µas.
For each HMXB, Table 5 provides a measurement of the parallax, π, and then an actual measurement of the distance. The uncertainty shown with π is that obtained from the fit to the data. However, there is also an uncertainty from the fact that the reference frame will only be known to within 4 µas, and both error components are given with the distance measurement. If X Per is at a distance of 1000 pc, we predict that SIM Lite will measure its distance to an accuracy of ∼5 pc. For Vela X-1 and GX 301-2, the X-ray pulsation measurements (Bildsten et al. 1997) give values of e and ω that are much more accurate than our simulations predict for SIM Lite. Thus, we have re-fit our simulated data for these two systems and also for the two fainter sources, SAX J0635.2+0533 and V830 Cen, keeping e and ω as fixed parameters. Once this is done, the V830 Cen histograms appear to be normally distributed. Table 6 shows the fitting results for these four systems. The improvements in the constraints on the most important parameters (i, ρ comp , and d) are relatively small. The largest improvement is in the measurement of the time of periastron passage (t 0 ), which is expected since this parameter is related to e.
Direct Neutron Star Mass Measurements
It is possible to write an expression for the mass of a neutron star, M NS , in an HMXB in terms of five directly measurable quantities. Two of the quantities: P orb and the projected linear size of the neutron star orbit (a x sin i); are measured by instruments other than SIM Lite. The other three quantities: ρ comp , i, and d; will be measured by SIM Lite as described above. Starting from the standard orbital equations that are typically used for measurements of the components of binary systems (e.g., Equation 5.3 in Charles & Coe 2006) , we derive the following equation
where M NS , P orb , d, and a x sin i are in the same units as the gravitational constant, G, e.g., CGS units, and i and ρ comp are angles. For X-ray pulsars, the projected size of the neutron star orbit can often be determined to very high accuracy, e.g., a x sin i = 113.89 ± 0.13 light-seconds for Vela X-1 (Bildsten et al. 1997) . By obtaining long (years) time baseline X-ray or optical observations, X-ray pulsar orbital periods are, for our purposes, known with negligible uncertainties. In addition to the SIM Lite-measured parameters in the top parts of Table 5 , the values of a x sin i are given for the 5 HMXB systems, and this, in turn, is used to calculate M NS . For X Per, our simulations predict that SIM Lite will measure the neutron star mass to ∼2.5% (M NS = 1.40 ± 0.035 M ⊙ , where the uncertainty corresponds to the 68% (1-σ) confidence level). The second-best measurement would be obtained for Vela X-1, for which we predict a ∼6.5% uncertainty on M NS . It should be noted that these values consider both components (from the fit and from the reference frame) of the distance uncertainty. For each HMXB, the contribution from each parameter (d, ρ comp , i, and a x sin i) to the uncertainty on M NS is given in Tables 5 and 6 . For V725 Tau, the largest contribution to the uncertainty comes from the a x sin i term, so that the future measurement of M NS can be substantially improved with X-ray observations of this system.
DISCUSSION AND CONCLUSIONS
The results of these simulations show that SIM Lite will provide excellent constraints on the masses of neutron stars in HMXBs. There is currently no direct method for obtaining the binary inclinations (i) of HMXBs, and this will be a major improvement in the measurements. This is especially true for non-eclipsing systems like X Per and V725 Tau, for which i is thought to be near 30
• , but it is currently only estimated to about ±10-15
• . With such a large uncertainty in i, we do not have any current estimate of the NS masses in these systems, which is why we assume 1.4 M ⊙ for the simulations. Since these are both accreting systems, there is a strong possibility that the NS masses are significantly higher, which could allow for a constraint on the NS EOS.
The current constraints on i are better for Vela X-1, which is an eclipsing system, but HMXBs with relatively short orbital periods can be eclipsing for a wide range of inclinations; thus, the improvement in the measurement of i that SIM Lite will provide is important. There are already suggestions that the Vela X-1 NS is over-massive, and if SIM Lite finds that the NS mass is, e.g., 2.00 ± 0.13 M ⊙ , as found with our simulations, this would rule out many NS EOSs (Lattimer & Prakash 2004) .
There are also possibilities for further improvements to the accuracy of the NS mass measurements estimated in Tables 5  and 6 . We assume in our simulations that we will use SIM Lite to determine the times of periastron (t 0 ), but if contemporaneous X-ray observations can be made, it will be possible to accurately determine this time using the X-ray pulsations. Also, we find that, after SIM Lite measurements of V725 Tau, the uncertainty in M NS will be dominated by the measurement of a x sin i; thus, X-ray measurements to improve the measurement of this parameter could ultimately lead to a mass constraint that is nearly as good as that for X Per. Finally, one more piece of information that we have not considered in this work is the radial velocity semi-amplitude of the companion star (K comp ). This parameter is related to the projected size of the orbit, and a cross-check between this parameter and the astrometric parameters (ρ comp , d, i, and e) will be possible (e.g., Pourbaix & Jorissen 2000) .
Although we focus on obtaining NS masses via orbital measurements in this work, it should also be pointed out that SIM Lite can also contribute to constraining EOSs by improving measurements of NS radii. Two techniques for measuring the radii of NSs in Low-Mass X-ray Binaries use measurements of the X-ray emission from the neutron star surface: one is to observe the thermal X-rays from the surface of a NS when the accretion rate is very low (e.g., Rutledge et al. 2002) ; and another is to measure the thermal emission near the end of a type I X-ray burst (Galloway, Özel & Psaltis 2008; Özel, Baym & Guver 2010) . In both cases, the distance to the LMXB is the largest uncertainty in the NS radius measurement (see the references above and Tomsick, Shaklan & Pan 2009), and SIM Lite will provide accurate distances for a large number of LMXBs.
Finally, it is important to note that our requirement in this work that a x sin i be a measured parameter eliminates many interesting HMXBs that will be excellent targets for SIM Lite. In Tomsick, Shaklan & Pan (2009), we find ∼20 HMXBs for which the predicted astrometric signatures will be large enough for orbital measurements. This includes well-known sources such as the black hole system Cyg X-1 (Caballero-Nieves et al. 2009 ) and the likely black hole system SS 433 (Blundell, Bowler & Schmidtobreick 2008) as well as systems where it is not clear whether the compact object is a black hole or a NS. These include the interesting case of 4U 1700-377, which is thought to be a NS based on its X- (Ray & Chakrabarty 2002) . The values used for the other sources are the same as in Table 5. ray properties, but which has a compact object mass estimated at 2.4 M ⊙ . Also, precise compact object masses have not been determined for the gamma-ray binaries LS I+61
• 303 and LS 5039 (Dubus 2006 ), but given that there are only a small number of high-mass binaries known to produce gamma-ray emission, determining the type of compact object in these systems is of great interest.
